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Analysis of an Electric Discharge CO2 Mixing Laser
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North Carolina State University, Raleigh, N.C.

A one-dimensional model of an electric discharge CO2 mixing laser is presented. The model takes into considera-
tion chemical, vibrational, and thermal nonequilibrium effects. Starting from the entrance of the glow discharge duct,
the conservation equations for the various constituents are integrated through the glow discharge and mixing regions.
The effects of pressure, mass flow rates of the various species, and current density are discussed in detail. It is shown
that, for given pressure and temperature at the entrance, the gain coefficient and power output increase with an
increase in CO2 flow rate; also, there is a current density, a He flow rate and an N2 flow rate at which the gain
coefficient is constant.

Introduction

RECENT interest in high-flow electric discharge CO2 laser
systems results from their continuous high-power capabili-

ties and high efficiencies. Although the inversion mechanism in
CO2 molecules is well understood, there is a need to formulate a
self-consistent model which takes into consideration the chemical,
vibrational, and thermal nonequilibrium effects and thus serves
as a basis for optimizing the laser parameters of interest.

The problem considered here is that of the electric discharge
mixing laser system shown in Fig. 1. In this system, N2 and He are
premixed in an upstream stagnation chamber and the mixture is
excited by a rectangular glow discharge. The CO2 is injected
downstream of the anode and upstream of the optical axis.

The model presented here treats molecules in different quantum
states as different species and employs the conservation of species
equations, the over-all momentum and energy equations, and an

electron energy equation to describe the laser system. A survey of
the various relaxation processes involving heavy particles and
available rates was given in Ref. 1. The important reactions
indicated in Ref. 1, together with appropriate electron-heavy
particle collisions serve as the basis of the kinetics in this work.
Thus, the three-level approximation for the energy levels of CO2
(Refs. 2 and 3) is not employed.

The one-dimensional approximation is employed; this implies
that the laser is of the gas transport type. The resulting equations
are integrated starting from the entrance of the glow discharge
duct through the glow discharge and mixing regions. As a result
of this integration, one can calculate, as a function of the distance,
the gain coefficient, power output, number densities of the various
levels, gas and electron temperatures, velocity, and pressure. The
effects of pressure, mass flow rates of the various species, and
current density on the gain coefficient and power output are
discussed in detail.

OPTICAL AXIS

MIRROR

Fig. 1 Schematic of an electric discharge mixing laser.
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Analysis

Treating molecules in different quantum states as different
species, the governing equations are then the conservation of
species equations, the over-all momentum and energy equations,
and an electron energy equation.4 The conservation of species
equations can be written as

dpjdt + V • (1)

where, for species i, pt is the density, mt is the particle mass, ut is
the velocity, and Rt is the rate of production of species i. As a
result of conservation of mass, summation of Eq. (1) with respect
to i yields

dp/dt + V - (pu) = 0 (2)
where p = I pt is the mean density and u = (2 p^/p is the mean
velocity of the entire system. Letting

Vi9 = pjp (3)

where V{ is the diffusion velocity, substituting into Eq. (1) and
simplifying the resulting expression by using Eq. (2), one obtains

p(dYJdt) (4)
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The characteristic times of the various processes in a laser system
can be obtained by Writing Eq. (4) in dimensionless form. For the
sake of this discussion, it will be! assumed that the diffusion
velocity is given by Pick's law.

where Df is an appropriate diffusion coefficient. Letting L and d
be typical length and diameter of a tube laser and «0, p0, D0, and
w0 be characteristic velocity, density, diffusion coefficient, and
production rate, respectively, one finds, by writing Eq. (4) in
dimensionless form, that the characteristic times are

t0 = L/u09 td = d2/D0, tr = (6)
The times t09 td, and tr are characteristic residence, diffusion, and
relaxation times, respectively. When td > t0 , the laser is of the
gas transport type ; in this case the cooling is mainly convective.
This can be seen from

tJt0 = d2uJD^ = (4^L-l(mCpl^ Le = pQD0Cp/l (7)

where Le is the Lewis number (of order unity):, m is the mass flow
rate, Cp is the specific heat at constant pressure, and 1 is the
thermal conductivity. The parameter mCp/lL can be thought of
as the ratio of the convective cooling to cooling by conduction
and diffusion. Because td/t0 dan be written in the alternative form

where /x is the coefficient of shear viscosity, Sc is the Schmidt
number and Re is the Reynolds number, the parameter wCp/lL
is not a new dimensionless parameter.

To get an idea of the mass flow rates required for td/t0 > 1,
values of CP(A. representative of He at 45d°K are employed. At
this temperature

td/t0 > 1 if m/L > 4 x 10~4g/seccm (8)
It should be noted that when td » t0 changes in the axial direction
are more important than changes in the radial direction, and a
one-dimensional model may be Employed in describing the laser
system.

In this work, a one-dimensional model is employed and the
mass flow rate is chosen iri accordance with Eq. (8). In this case,
the conservation of species and over-all continuity equations for a
steady-state laser reduce to

pu(dYt/dx) =
puA = m

(9)
(10)

where A is the cross-sectional area. The morhentum equation is

pu(du/dx) + dp/dx = 0
For a constant area duct, it can be integrated directly; the result
can be expressed a3

(m/A)u (11)
where P0 is the stagnation pressure. In the glow discharge region,
the over-all energy equation can be written as

pu d(h + u2/2)/dx = JE - dq/dx (12)

where

hs is the specific enthalpy of species $, j is the current density, E
is the electric field, and q is the heat lo^s per unit area and time.
Downstream ;of the discharge region, Eq. (12) with j = 0 holds.
The current density is related to the electric field by Ohni's law

j = o0E (14)

where <r0 is the sealer electrical conductivity

<70 = nee2/meve, (15)

and ves is the collision frequency between the electrons and species
s. If subscripts 1,2, 3 designate CO2, N2, and He, respectively,
then the specific enthalpies can be written as

0,/T
T + h0

(0/T)/[exp(0/r) -

where

0, = 1932.1, 960.1, 960.1, 3380°K

0 = 3353.9°K (16)

and h0tl is the heat of formation of CO2. The collision frequencies
may be obtained from knowing vet/nt , which is a function of the
electron temperature, or from knowledge of the collision cross
section Zst, which is related to the collision frequency by the
relation

vs, = $[2k(TJm8 + Tt/mt)]^2ntZst (17)

In this work, Zet for He, and vet/nt for N2 and CO2 were obtained
as functions of the electron temperature, from Refs. 5-7, respec-
tively.

The electron temperature, collision frequencies and species
conservation equations depend on the forms of the velocity
distribution functions in the gas. The equations employed here
can be derived from the appropriate Boltzmann equations by
using the 13-momeht method.8 In this method, deviations of the
distribution functions from uniformity and from Maxwellian
distributions are assumed small. At low pressures and high-
electric fields, departures from Maxwellian are not small and the
distribution functions would have to be computed from the
appropriate Boltzmann equations. Such calculations were carried
out for slightly ionized uniform gases in Refs. 6, 7, 9, and 10.
Because the solution of the Boltzmann equations, even in the
absence of spatial nonuniformity, is a major undertaking, such
procedure was not employed in this study; instead, it was
decided tb employ the multifiuid equations and utilize available
experimental data. In the few cases where needed data was not
available from experiment, a Maxwellian distribution function
was employed in conjunction with experimentally measured cross
sections. It would have been desirable to use more realistic
distribution functions, because of this, our approach raises some
questions which can only be resolved by detailed comparison of
theory and experiment. Further consideration of this point will
be given when the results of the computations are discussed.

The quantity dq/dx is the sum of the wall losses and laser power
output: The one-dimensional approximation implies that the wall
losses are small and thus dq/dx reduces to the laser power output
per unit volume

dq/dx = yl (18)
where y is the gain coefficient arid / is the radiation intensity. The
expression for y may be written as3

y = (c3/8nv2)gmAmn(NJgm - NJgn)G (19)

where m, n(m > n), designate the two states between which
transitions are allowed; JVm, Nn are the number densities; gm ,gn
are the degeneraties; Amn is the Einstein coefficient of spontaneous
emission; v is the frequency; c is the speed of light; and G is the
shape factor. If the power output is made to occur on a single
P-branch transition of the (0,0°, 1) - (1,0°, 0) band, usually P(20)
at 10.6^, then Eq. (19) can be cast in a different form. Letting
rc?, nt designate the number density of particles in the (0,0°, 1) and
(1,0°, 0) vibrational levels, respectively, one finds3

Nm = (2hc/kT)Bsgmnsexp[-hcBsm(m + l)//cT], m = 20

Nm = (2hc/kT)BtgnntQXp[-hcBtn(n + l)//cT], n = 19 (20)

where

= 2m + 1 (21)
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and Bs and Bt are the rotational constants of the (0,0°, 1) and
(1,0°, 0) levels, respectively, which can be obtained from Ref. 11.

An expression for the shape factor G, which takes into con-
sideration both homogeneous and Doppler broadening, can be
written as3

where
G = (2/7i1/2)(l/Avc)<5 exp d2 erfc d

(5 = Avc(ln 2)1/2/AvD

Avc = - = -Sini n .
s=\9 t= 1,2,3

(22)

(23)

vD = 2(v/c)(2fcTln2/m1)-1/2

Avc is the homogeneous half-width and AvD is the Doppler half-
width. The collision frequencies vst are obtained from Eq. (17)
and the cross sections Zst are these appropriate for a Lennard-
Jones (6-12) potential*1 2)

The last equation to be considered is the electron energy equa-
tion. After some manipulation, one obtains
5 dT,,
-neuk —
2 dx

dP.,
—ax

^
— dsvesk(Ts - Te)ms

(24)

where subscript e designates electrons, e is the ionization potential,
and ds is the loss factor for species s, which is unity for monatomic
gases. The quantity

3me6svjmsns = vjns (25)

is a function of the electron temperature and was obtained for
N2 and CO2 from Refs. 6 and 7, respectively.

Relaxation Processes in the Laser System

To complete the formulation of the problem one needs to
identify the important relaxation processes and evaluate the
production terms Rs. For an electric discharge CO2 laser system
the important reactions will be taken as

(26a)
(26b)
(26c)
(26d)

(26e)
(26f)

N2 + + e + e

N2(t? = 0) + e *± N2(t> - 1) + e

C02(0, 0°, 1) ?± C02(l, 0°, 0) + hv
CO2(0, 1 \ 0) + M «± CO2(0, 0°, 0) + M + 667 cm~ 1

CO2(0,0°,l) + N2(i? = 0)

+± CO2(0, 0°, 0) + N2(v = 1) + 18 cm

CO2(0, 0°, 1) + M <± CO2(0, 31, 0) + M + 416 cm" *
where M stands for any species in the system: CO2, N2, He. In
addition, it will be assumed that the bending and symmetric
stretching modes are in equilibrium at some temperature Tv
which was found to be not much different from T, the gas
temperature. In writing the preceding reactions, it is assumed that
CO, H2O, and other impurities have little influence on the laser
system. Recent measurements indicate that the fractional con-
centration of CO decreases with increasing velocity in CO2 laser
systems13; this may serve as a partial justification for neglecting
CO in this analysis. For the sake of simplicity of notation, the
number densities of CO2(0,0°,0), CO2(0, l^O), CO2(0,2°,0),
CO^CUSO), CO2(1,0°,0), CO2(0,0°, 1), N2(t? - 0), N2(i? - 1),
N2 , He will be designated by «0, . . . , n9, respectively.

Expressions for the rates of production Rt can now be written
by utilizing the law of mass action14 and Eq. (26). All reactions
shown in Eq. (26) fit into the general category

(27)

where Kf and Kb are the forward and backward rate constants
and are usually functions of temperature. The contribution of the
above reaction to the rate of production of species i is

(bt - (28)

The quantities R{ are obtained by summing contributions of the
type given by Eq. (28) for the various reactions that produce
species i; their explicit expressions are given in the Appendix.

Data for computing the forward rates Kf are available for all
the reactions indicated in Eq. (26) and the backward rates are
determined from the principle of detailed balancing.14 Thus, plots
of the K/s for reactions (26d-f) are given as functions of tempera-
ture in Ref. 1 and the rate for reaction (26c) follows directly from
Eqs. (18) and (19). On the other hand, cross sections for computing
the K/s for reactions (26a) and (26b) are given in Refs. 15 and 16,
respectively. The following expression may be used to compute
Kf in terms of the cross section Q

K,=
1/2 1 r (exp--~

J \ kT
(29)

where £ is the ionization or excitation energy and Q is the
appropriate cross section. Following the suggestion of Ref. 17, an
effective cross section, which is the total cross section for vibra-
tional excitation up to the eighth level is employed for reaction
(26b); the total cross section at the peak was taken as 3.8 x
HT1'6 cm2.

Before one can compute the small signal gain and power
output, one needs to specify or provide an additional relation to
calculate the intensity. For the gain coefficient calculation, a
small value of the intensity is assumed; the value employed here
is that given by Planck's function. On the other hand, when
computing the laser power output an additional relation is
needed to determine the intensity and this relation is provided by
the threshold condition. If y is the direction of the optical axis and
/ is the distance between the mirrors, then the threshold condition
can be written as3

- y d y = — ———
/ V 21

(30)

where r± and r2 are the reflectivity of the mirrors. When Eq. (30)
is used in conjunction with the governing equations, the intensity
is calculated as part of the solution and this, in turn, gives the
laser power output P as3

1 = A I
J

yldx (31)

where w is the width of the mirrors. In writing Eq. (31) it was
assumed that mirror losses are negligible.

Results and Discussion

The schematic shown in Fig. 1 is that of a device which is being
built at the NASA Langley Research Center to study electric
discharge mixing lasers. The device is not in operation yet and,
therefore, we have no way of comparing the predictions of this
theory with experiment. When carrying out the computations,
one needs to specify, in addition to the dimensions of the device,
the current density, the mass flow rates of N2, CO2, and He and
the conditions at the entrance of the glow discharge duct, x = 0;
this entails specifying the pressure, gas temperature, electric field,
and concentrations of the heavy species. The electron temperature
and concentration at x = 0 are obtained from Ohm's law and a
simplified energy equation, which is Eq. (24) without the gradient
terms. Unless indicated otherwise, the results shown in Figs. 2-11
are for m t = 0.9 g/sec, w2 = 1.8g/sec, m3 = 0.9 g/sec, p0 =
20torr, T0 = 300°K, ; = 25 rna/cm2, r^r2 = 0.76; subscripts
1,2, 3 designate CO2, N2, and He, respectively, while subscript o
indicates conditions at x — 0; £ = x/L, L = 50 cm.

The electric field and the concentrations of the heavy particles
are not well known at x = 0. Values of E0 ranging from 300 v/cm
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Fig. 2 Electric field and electron temperature vs distance.

to 25 v/cm were employed and the initial concentrations were
obtained assuming equilibrium at the gas temperature and
pressure. As is seen from Fig. 2, the electric field levels off quickly
to a value of the order of 25 v/cm independent of E0. The low
value of the electric field can be traced to the assumption of
Maxwellian distribution in Eq. (29). Non-Maxwellian velocity
distributions of the type shown in Refs. 6 and 10 will yield lower
ionization rates, this will result in a smaller number density for
the electrons and thus higher electric fields for a given current
density. It was also found that the concentrations of the various
species were not sensitive to the initial choice of the electric field
and concentrations. Because Te is proportional to jE = G0E2, the
electron temperature will have a behavior similar to that of the
electric field, as shown in Fig. 2.

Because the pressure and temperatures in the glow discharge
region are practically constant, the various rates of production
are proportional to the concentrations and any overestimate or
underestimate of the initial concentration of any species will
quickly adjust to values dictated by the rates. Moreover, the
concentrations have the tendency to "freeze" at a certain value;
freezing is characterized by small derivatives of Ys. A typical
illustration of this phenomenon is shown in Fig. 3, which shows

0.03

i 0.02

0.01

R=20torr

R=80torr

0.5

Fig. 4 Effect of entrance pressure on gain coefficient.

ture, which is taken as 300°K for all the cases discussed here,
increasing the pressure will result in an increase in the number
densities. The influence of the entrance pressure on the gain is
shown in Fig. 4. At the lower pressures or high velocities, the gain
remains fairly constant as a result of freezing of the upper and
lower laser levels. On the other hand, at the higher pressures
where the velocity is lower, the gain peaks and is followed by a
steady decline. The peak results from a combination of high
number densities and low velocities; the latter makes it possible
for the reaction to be completed in a shorter distance from the
injection region.

The effect of N2 flow rate on the gain coefficient is discussed
next. For a given initial pressure and temperature and He and
CO2 flow rates, increasing the mass flow of N2 results in an
increase in its partial pressure and this, in turn, implies an increase
in n7. On the other hand, increasing the mass flow rate at a given
pressure results in an increase in velocity. Thus, there is an N2
flow rate at a given pressure and temperature which results in an
optimum gain in the region immediately downstream of the
injection point. The effect of velocity becomes small further
downstream and the gain will increase with the mass flow rate.
This behavior is indicated in Fig. 5. Figure 6 shows that the gain
coefficient increases with an increase in the mass flow rate of CO2
for given N2 and He flow rates; this is a result of the increase in
the number of particles in the upper laser level.

The effect of He flow rate on the gain coefficient for given N2
and CO2 flow rates and entrance pressure and temperature is

0.04

0.03

§ 0.02
£

0.01

0.2 0.3

Fig. 5 Effect of N2 flow rate on gain coefficient.

Fig. 3 Influence of He flow rate on excited N2.

a plot of Y7, the mass fraction of excited nitrogen, vs J; in the
glow discharge region. This freezing is responsible for the behavior
of the electric field at constant current: as can be seen from Ohm's
law, when the electron density is practically constant, the electric
field will behave in a similar manner.

The effects of the pressure, mass flow rates of the various
constituents, and current density on the gain coefficient are
discussed next. The following results are based on the assumption
that mixing CO2 with N2 and He is instantaneous at the point of
injection. For a given mass flow rate, the velocity increases when
the pressure decreases. Also, for the assumed entrance tempera-

0.02

-rh,=5.4 g/sec
-rh( =3.6 g/sec

Fig. 6 Influence of CO2 flow rate on gain coefficient.
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Fig. 7 Influence of He flow rate on gain coefficient.
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Fig. 8 Temperature distribution for various He flow rates.

shown in Fig. 7. Increasing the He mass flow rate at given entrance
pressure and temperature results in an increase in velocity, a
decrease in the partial pressure of N2 and gas temperature, and
an increase in the electron temperature. Because the rate of
production of n7 increases with Te (up to Te.~ 2ev) and the
number density of N2, one would expect that there is a mass flow
rate at which n7 is maximum. This and the rise in temperature at
the low He flow rates indicated in Fig. 8 is responsible for the
behavior shown in Fig. 7. .

Available measurements18 indicate that 4% is typical of the
peaks of small signal gain coefficients. Except for values at the
high CO2 flow rates, and low He flow rates which at fixed initial
pressure result in an increase in CO2 or N2 flow rates, the gain
coefficient calculated here is typical of measured values. The rea-
son for the discrepancy at the high CO2 flow rates can be traced to
the assumption of instantaneous mixing, and the abundance of
excited N2. The abundance of excited N2 can result from any of
the following assumptions made in this work. The use of a
Maxwellian distribution in Eq. (29) overestimates the number of
electrons and the rate constant for the production of excited
nitrogen. However, the recent calculation of Ref. 19 show that the
gain coefficient is insensitive to the type of distribution function
employed in calculating the excitation rate of N2. Also, using the
suggestion of Ref. 17 regarding the cross section of N2 excitation
and, neglecting the effects of impurities, such as H2O, which are
effective in de-exciting both the excited N2 and the upper laser

level, will result in an overestimate of excited N2. Additional
calculations and careful measurements are needed to clarify this
point.

Finally, the effect of current density on gain is discussed. As is
seen from Fig. 9, the gain coefficient increases and then decreases
with current density in the region immediately downstream of the
injection point. Increasing the current density will result in an
increase in the electron density and gas temperature. In the
discharge region this will have the effect of increasing n7, which
will result in an increase in th6 gain coefficient. Conversely, an
increase in temperature will result in an increase hi the population
density of the lower laser level; in addition, the increase in
temperature at a given pressure will result in a decrease in the
number density of CO2 and this will decrease the gain coefficient.
Thus, there is a current density at which the gain is optimum.

1.5

0.5

1.0 2.0
n, g/sec

3.0

Fig. 1C! Influence of He
and N2 flow rates on
laser power output (di-

mensionless).

0.5

I i i I I I

= ma/cm
100

LJ

Fig. 11 Effect of current density on laser power output (dimensionless).

0.04-

§ 0.02 •

0.01 •

Fig. 9 Effect of current density on gain coefficient.

Figures 10 and 11 show a plot of Ph the laser power output
normalized with respect to the laser power output at mx = w3 =
0.9 g/sec, m2 = 1.8 g/sec, and j = 25 ma/cm2. For the range of
parameters considered here, it is found that P/ increases with CO2
(not shown) and N2 flow rates and decreases with He flow rate.
In addition, there is a current density at which the power output
is maximum. The interpretation of the results shdwn in Figs. 10
and 11 follows closely the discussion of Figs. 5-9.

Conclusions

Except for the high CO2 flow rates, the trends predicted by this
theory are in good agreement with available measurements on
electric discharge mixing and convective lasers.18'19 This suggests
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that the model employed here is basically sound. It is believed that
the difficulty at higher CO2 flow rates can be removed if one
relaxes the assumption of instantaneous mixing, employs non-
Maxwellian distribution functions when calculating excitation
and ionization rates, and includes the effect of impurities.

Appendix: Explicit Expressions for the Production Rates
From charge neutrality and reaction (Eq. 26a), one obtains

ns = ne (Al)

Using the principle of detailed balancing, one obtains at equili-
brium

withco2 = 1285.5 cm"1 and co4 - 1388.3cm"1. Formulas (A 11-
A13) assume a harmonic oscillator model and are appropriate
for a symmetric linear molecule with a doubly degenerate bending
mode. It should be noted that, in practice, a CO2 molecule in
equilibrium does not follow a harmonic oscillator model; this is
why co2 =f= 2co, and co3 =f 3co^ To calculate n0, one can write the
appropriate rate equation or use the conservation of element
principle.

or,*

nsne

"6
exp- (A2)

(A3)

with gjga = 2 for N2. From reactions (26b) and (26e),

R-j = K2 j-n6ne — K2tbn1ne + Ks,fn5n6 ~
where

K2tb = K2J exp(/icco//cTe), co = 2331 cm" l

and

&5,b = K5tfexp(-hca)/kT)9 co = 18cm"1

The rate of production of n6 follows from reactions (26a), (26b),
and (26d), or from the conservation of element equation, which
can be written as

m2 = m2(n6 + n7 + n8)uA

(A4)

n7

where m2 is the mass flow rate of N2.
From reactions (26c), (26e), and (26f) and Eq. (18)

K5>bn0n7 - K6tftlnsn0

(A5)

(A6)

where K 6 t f j (j = 1,2,3) are the forward rate constants for
reaction (26f), with j = 1,2,3 designating CO2, N2, and He,
respectively, while K6tbtj are the corresponding backward rate
constants and are given by

K6tbJ = K6tfJQXp(-hca>/kT), co = 416cm'1 (A7)

The rate of production of rc3 follows from reaction (26f ) as

#3 = K6)/)1n5n0 - K6tbtln3n0 + K6J>2n5n6 - K6Mn3n0 (A8)

Similarly, from reaction (26d), one has

- K4>f>3ntn9 (A9)

with

K4tbJ = K4JJ exp(-hcco/kT), co = 667 cm" l (A10)

It will be assumed at this stage that all bending and symmetric
stretching modes are in equilibrium at some temperature TV9
which is defined by the relation

= 2exp[-(hc/kTv)(co2 - coj] (All)

where co3 = 1932.5cm'1 and coj = 667.3cm"1. With ^defined
by the above equation, one has

= f exp[-(/ic//cTy)(co2 - co2)] (A12)

co,)] (A13)
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